The presence of confounding by high-dimensional variables complicates estimation of the average effect of a point treatment. On the one hand, it necessitates the use of variable selection strategies or more general data-adaptive high-dimensional statistical methods. On the other hand, the use of such techniques tends to result in biased estimators with a non-standard asymptotic behaviour. Double-robust estimators are vital for offering a resolution because they possess a so-called small bias property. This means that their bias vanishes faster than the bias in the nuisance parameter estimators when the relevant smoothing parameter goes to zero, provided that certain sparsity assumptions hold. This property has been exploited to achieve valid (uniform) inference of the average causal effect when data-adaptive estimators of the propensity score and conditional outcome mean both converge to their respective truths at sufficiently fast rate (e.g., Farrell, 2015; Belloni et al., 2016) . In this article, we extend this work in order to retain valid (uniform) inference when one of these estimators does not converge to the truth, regardless of which. This is done by generalising prior work by Vermeulen and Vansteelandt (2015) to incorporate regularisation. The proposed penalised bias-reduced double-robust estimation strategy exhibits promising performance in extensive simulation studies and a data analysis, relative to competing proposals.
Introduction
The effects of treatments, policies or interventions are commonly characterised in terms of contrasts between the mean of counterfactual outcomes corresponding to different treatment or exposure levels. For instance, for a dichotomous treatment A (coded 0 for no treatment and 1 for treatment), the average treatment effect (ATE) is defined as E {Y (1)} − E {Y (0)}, where Y (a) denotes the counterfactual outcome of a random individual if that individual were exposed to treatment a = 0, 1. Estimation of such effect from observational data generally requires adjustment for a set of covariates that are sufficient to adjust for confounding of the effect of treatment on outcome. This is a difficult task when the number of covariates is large or when one or multiple continuous covariates can have non-linear effects on exposure or outcome. It is therefore common to start from flexible models and adopt variable selection or more general regularisation techniques to handle the high dimensionality of the models. Such data-adaptive techniques are especially crucial when the number of variables p is large relative to the number of observations n.
The use of data-adaptive techniques requires consideration in itself, however. Regularisation techniques tend to return biased estimators (e.g. for the dependence of treatment or outcome on covariates). Estimators of the ATE based on these, may inherit this bias.
Nuisance parameter estimators obtained via regularisation techniques also typically have a non-normal asymptotic distribution (Knight and Fu, 2000; Leeb and Pötscher, 2005) .
This may render the distribution of ATE estimators based on these rather complicated.
Both these concerns make asymptotically unbiased estimators for the ATE with accompanying uniformly valid confidence intervals difficult to attain, especially in settings where the models' complexity increases with sample size. This forms one of the major Achilles heels of routine data analyses, since uniform validity is essential in order to trust their finite-sample performance.
So-called double-robust (DR) estimators of the ATE (Robins and Rotnitzky, 2001 ; see Rotnitzky and Vansteelandt, 2014 for a review) are not susceptible to the above problems, under certain conditions that we will specify next. DR estimators of the ATE make use of two working models: one model A for the dependence of exposure on covariates, and one model B for the dependence of outcome on covariates. They have the attractive property of being consistent for the ATE when either one of these working models is correctly specified, but not necessarily both. When both nuisance working models A and B are correctly specified and estimated at faster than n −1/4 rate (in a sense to be made precise later), then DR estimators of the ATE are orthogonal (w.r.t. the covariance inner product) to the scores for the infinite-dimensional nuisance parameters that index the observed data distribution (i.e., the probability of treatment given covariates, and the outcome distribution given covariates and fixed treatment levels). This in turns implies that estimation (and in particular, regularisation) of these nuisance parameters can be ignored and, hence, that the resulting DR estimator is asymptotically unbiased with standard, easy-to-calculate confidence interval that is uniformly valid (van der Laan, 2014; Farrell, 2015; Belloni et al., 2016; Athey et al., 2016) . This surprising result applies to any (sufficiently fast converging) data-adaptive method for estimating nuisance parameters;
in particular, it forms the cornerstone of the now popular Targeted Maximum Likelihood method (Van der Laan and Rose, 2011).
While promising, a limitation of the above result is that it assumes both nuisance working models A and B to be correctly specified (or more generally, both nuisance parameter estimators to converge to their respective truths). This is unlikely to be satisfied.
Current practice is often based on simple parametric working models. Moreover, the data analyst is essentially always forced to constrain the model's flexibility in order to ensure nuisance parameter estimators that are sufficiently fast converging. In view of this, in this article, we will generalise the above results to allow for misspecification of both nuisance working models A and B. In particular, we will show that the use of special nuisance parameter estimators will yield a DR estimator which is asymptotically unbiased when at least one of the working models is correctly specified, and will moreover yield an accompanying Wald confidence interval that is easy to calculate and uniformly valid for the estimator's probability limit, even when both working models are misspecified. We will achieve this goal by extending the bias-reduced DR estimation principle of Vermeulen and Vansteelandt (2015) to incorporate regularisation in a way that is inspired by penalised estimation equations (Fu, 1998) . In particular, we will consider 1 or Lasso norm penalisation (Tibshirani, 1996; Fu, 2003) in order to prevent slowly converging, and therefore potentially severely biased estimators, which may otherwise result when the working models include many (unimportant) covariates.
The rest of the article is organised as follows. In Section 2, we describe our proposed penalised bias-reduced DR estimator and evaluate its asymptotic properties. We explore connections to earlier work on bias-reduced DR estimation in low-dimensional settings in Section 2.4. In Section 3, we numerically evaluate the performance of the proposed estimators in comparison with other DR estimators through extensive simulation studies, as well as with an ad hoc extension based on double-selection (Belloni et al., 2013 (Belloni et al., , 2016 .
We illustrate the proposed estimators in an application on the effect of life expectancy on economic growth in Section 4 and conclude with suggestions for future work in section 5.
2 Penalised Bias-Reduced Double-Robust Estimation
Background
Consider a study design which intends to collect i.i.d. data on an outcome Y i , a treatment A i (coded 0 or 1) and a p-dimensional vector of covariates X i for subjects i = 1, ..., n.
Our focus will be on the estimation of the counterfactual mean µ 0 ≡ E{Y (1)} under the nonparametric model M for the observed data (Y, A, X), which is defined by the assumption that X is sufficient to control for confounding of the exposure effect, in the sense that Y (1) ⊥ ⊥ A|X, and the so-called consistency assumption that the conditional laws of Y and Y (1), given A = 1 and X, are identical. Throughout, we will also make the positivity assumption that P (A = 1|X) ∈ [δ, 1 − δ] for some δ > 0 with probability 1. Note that E{Y (1)} is one component of the ATE; estimation of E{Y (0)} proceeds analogously upon changing the treatment coding.
Unless X is limited to few (e.g. one or two) discrete covariates, some form of dimension reduction is typically needed in order to obtain a well-behaved estimator of the marginal treatment effect in small to moderate sample sizes (Robins and Ritov, 1997) . For instance, in routine practice, it is common to adjust for confounding under a low-dimensional model for the dependence of X on the outcome. In particular, in this article we will proceed under the assumption that the expected outcome in exposed obeys a parametric (working) model B, which postulates that E(Y |A = 1, X) = m(X; β * ) where m(X; β) is a known function, smooth in β, and β * is unknown, e.g. m(X; β) = β 0 + β 1 X + β 2 X 2 with β ≡ (β 0 , β 1 , β 2 ) . Given a consistent estimatorβ of β * , µ 0 can then be estimated as
m(X;β).
In high-dimensional settings where the number of covariates p is large relative to the sample size n (i.e., p is allowed to grow with n), data-adaptive procedures (e.g. stepwise variable selection, Lasso or more general penalisation procedures, among others) cannot usually be avoided for estimating the conditional outcome mean. These procedures typically return biased estimators, as a result of sparsity in the data and the resulting need to regularise. The estimatorμ may inherit this bias (Bickel, 1982) and, moreover, follow a non-standard asymptotic distribution as a result, making uniformly valid confidence intervals for µ 0 difficult to attain (see Section 2.3 for detail).
DR estimators of µ 0 form an exception (Belloni et al., 2012; van der Laan, 2014; Farrell, 2015) . In particular, let A be a parametric working model P (A = 1|X) = π(X; γ * )
for the probability of being exposed, where π(X; γ) is a known function, smooth in γ, and γ * is unknown, e.g. π(X; γ) = 1/ {1 + exp(−γ 0 − γ 1 X)} with γ ≡ (γ 0 , γ 1 ) . Consider
where m(X) ≡ E(Y |A = 1, X) and π(X) ≡ P (A = 1|X), andm(X) andπ(X) are data-adaptive fits of m(X) under model B and π(X) under model A, respectively. This estimator is double-robust in the sense that it converges to µ 0 when eitherm(X) converges to E(Y |A = 1, X) orπ(X) converges to P (A = 1|X), but not necessarily both. It follows from Farrell (2015) thatμ has the same asymptotic distribution as n
, regardless of the choice of estimatorsm(X) andπ(X), provided that both are consistent and that the product of their sample mean squared errors converges at faster than n to the quarter rate. Uniformly valid, normal confidence intervals for µ 0 are therefore straightforwardly obtained based on a standard error which can be consistently estimated as 1 over n times the sample variance of U (m, π), evaluated at m(X) =m(X) and π(X) =π(X) (Farrell, 2015) .
Unfortunately, consistent estimation of both m(X) and π(X) is unlikely in highdimensional settings (where p may even grow with n). Indeed, the sparsity in the data necessitates one to make simplifying assumptions, such as the parametric model restrictions A or B, in order to obtain fast enough converging estimators. Such restrictions are unlikely to be entirely correct. In this paper, we therefore aim to obtain uniformly valid standard errors, even under misspecification. We will first explain the procedure, and then demonstrate its asymptotic properties in the next section.
Proposal
As in Belloni et al. (2012) and Farrell (2015) , we will develop inference for µ 0 under parametric working models with high-dimensional covariates (where p may potentially exceed n). Our proposal is then to estimate µ 0 asμ = 1 n n i=1 U i (η) for a nuisance parameter estimatorη = (γ ,β ) obtained by solving the following penalised estimating equations using the bridge penalty (Fu, 2003) :
where λ γ > 0 and λ β > 0 are the associated penalty parameters and δ ≥ 1. Here, for vectors a ∈ R p and b ∈ R p , c = a•b ∈ R p refers to the so-called elementwise (or Hadamard) product, where c = (c 1 , ..., c p ) with c i = a i b i for i = 1, ..., p. Further, sign(a) for a vector a ∈ R p is defined as a vector of elements sign(a j ), for j = 1, ..., p Finally, the terms respect to γ and β, respectively, where the δ norm is defined as
Throughout, for pedagogic purposes, we will specialise our proposal to working models of the form π(X; γ) = expit(γ (1, X)), and m(X; β) = β (1, X).
In that case, we first solve the set of penalised estimating equations:
to estimate γ. For δ → 1+, the penalty term δ|γ| δ−1 • sign(γ) has jth component sign(γ j ) ifγ j = 0 and belongs to [−1, 1] otherwise (see Section 3 of supplementary materials for more details). In that case, we recommend solving this equation by minimising the function (Vermeulen and Vansteelandt, 2015) :
This results in an estimatorγ of γ.
We next solve the set of penalised estimating equations:
For δ = 1, this is best done by minimising the function:
which is possible by standard software for (weighted) 1 -penalisation. This results in an estimatorβ of β.
The above proposal generalises the bias-reduced DR estimation procedure of Vermeulen and Vansteelandt (2015) to incorporate penalisation. In low-dimensional settings with λ γ = λ β = 0, it delivers consistent nuisance parameter estimators under correct model specification. However, it requires nuisance parameters β and γ of equal dimension, since the gradient ∂U (η)/∂β (for η = (γ , β ) ) carries information about γ, and vice versa, the gradient ∂U (η)/∂γ carries information about β (Vermeulen and Vansteelandt, 2015) . This limitation is essentially resolved by letting δ → 1+ (Fu, 2003) . This makes the penalty terms correspond to the sub-gradient of the 1 or Lasso norm penalty ||η|| 1 with respect to η (Tibshirani, 1996) , thereby guaranteeing both convexity and sparsity, and thus possibly resulting in nuisance parameter estimates with different numbers of non-zero components. In the next section, we will demonstrate that the above proposal enables uniformly valid inference in high-dimensional settings where either model A or B -but not both -is misspecified.
Asymptotic properties
As in Belloni et al. (2012) and Farrell (2015) , we will study convergence under an arbitrary sequence {P n } of observed data laws that obey, at each n, the positivity assumption. This implies that the parameters η and µ 0 , as well as the models M, A and B should ideally be indexed by n, although we will suppress this notation where it does not raise confusion.
Allowing for such dependence on n is quite natural because we are considering settings where the number of covariates, and thus the dimension of η, may increase with sample size (Farrell, 2015) . It is also required in order to demonstrate uniform convergence, as we will argue below.
We will furthermore consider settings where the working models A and B may be misspecified. The population value of the nuisance parameter η may thus be ill-defined and we will therefore study (the rate of) convergence ofη to the solution η *
to the population equation
where we make explicit that the expectation is taken w.r.t. the law P n . It follows from Vermeulen and Vansteelandt (2015) that the component γ * n equals the population value of γ indexing model A (under the law P n ) when that model is correctly specified, and likewise that the component β * n equals the population value of β indexing model B (under the law P n ) when that model is correctly specified. Our main result in Proposition 1 below now
are asymptotically equivalent under model M, even under the 'worst' sequence of laws P n and even when the working models A and B are misspecified, provided that certain sparsity assumptions hold. Under these assumptions, we thus have that
where the term o Pn (1) converges to zero in probability under the measure P n . It follows from this that the uncertainty in the estimatorη can be ignored when doing inference about µ 0 , and in particular that a uniformly consistent estimator of the standard error of
It further follows from the above proposition that, when either model A or model B is correctly specified so thatμ converges to µ 0 , a uniformly valid confidence interval for µ 0 can be obtained asμ
Proposition 1 Letη be the estimator of η = (γ , β ) as obtained via the proposed penalised bias-reduced DR method. Define the active set of the variables as S γ = supp(γ * n ),
, where, for any vector a ∈ R p , we denote its support as supp(a) = {i ∈ {1, ..., p}|a i = 0}. Let the sparsity index s γ equal the cardinality |S γ |, and likewise s β = |S β |; note that s γ and s β may depend on n.
and the assumptions in Section 1 of supplementary materials hold,
Provided sufficient sparsity in the sense that (s γ + s β ) log p/ √ n converges to zero with increasing sample size, it follows that
under model M, even when the working models A and B are misspecified.
Below we give the key part of the proof of Proposition 1, which is instructive to understand the logic behind the proposed method. Further details are given in Section 1 of supplementary materials.
Proof: The proof of Proposition 1 follows similar lines as in Ning et al. (2017) . Taylor expansion shows that
Then from Hölder's inequality we have
Suppose now that
where c 1γ (n), c 1β (n) and c 2 (n) converge to zero as n → ∞; here, for positive sequences a n and b n , we use the notation a n b n to denote a n ≤ Cb n for some constant C > 0. Then
with probability tending to 1 under the sequence P n . In Section 1 of supplementary materials, we further demonstrate that (under regularity conditions stated in the same section),
It follows that for δ → 1+,
For default penalties satisfying λ γ = O log p n and λ β = O log p n , we thus have
which converges to zero when n → ∞, provided sufficient sparsity to ensure that (s γ +
The proof of the above proposition is instructive about the logic behind the above proposal. Repeating the same reasoning for the non-DR estimatorμ with
(and η redefined as β), one finds that the term
with probability tending to 1 under the sequence P n , in which the first term generally diverges to infinity. Likewise, repeating the above reasoning for the DR estimatorμ with nuisance parameter estimators obtained via standard lasso, one finds that the terms
, and not o Pn (1), unless both working models A and B are correctly specified in which case both gradients have expectation zero under the law P n . Except under correct specification of both working models, the distribution of √ n(μ − µ 0 ) is then generally complex and not well approximated by that
Further properties
The procedure that we have proposed in Section 2.2 was designed to make the empirical
converge to zero. This has as a by-product that it makes the resulting estimatorμ insensitive to local changes in both nuisance parameters, provided that the sample size is sufficiently large. It is hence not entirely surprising that asymptotic inference based onμ can ignore estimation of the nuisance parameters β * and γ * , and that regularisation bias affecting these nuisance parameter estimators does not propagate into the estimatorμ.
Farrell (2015) also relies on this small bias property and finds it to hold regardless of the choice of nuisance parameter estimators, provided they both converge to their respective truths. This is because he implicitly relies on both models A and B being correctly specified, in which case the expectations (6) converge to zero regardless of the choice of (consistent) estimator of the nuisance parameters. We have shown that this small bias property does not generally extend to contexts with model misspecification, unless when the nuisance parameters are estimated in accordance with the proposed procedure of Section 2.2.
In low-dimensional settings where the penalty parameters λ γ and λ β can be set to zero, the proposal reduces to the bias-reduced (BR) DR estimation procedure of Vermeulen and Vansteelandt (2015) . To gain insight into the behaviour of such procedures, we consider gross misspecification of the one-dimensional working models π(X; γ) = expit(γ (1, X i )) and m(X; β) = β (1, X i ) for two data-generating mechanisms (see the caption of Figures 1 and 2 for details); we deliberately focus on one-dimensional models so that the behaviour of the procedure can be clearly visualised. Figure 1 and 2 display the rescaled bias (i.e., sign(bias) |bias|) of the DR estimator for a range of nuisance parameter values. Upon contrasting both figures, one may see that the bias surface changes drastically as one of the data-generating models changes. The default DR estimator, which uses MLE for the nuisance parameters, therefore runs a great risk of ending up in a high bias zone.
In contrast, the BR-DR estimator ends up in a saddle point of the bias surface. The proposed BR-DR estimation principle thus locally minimises bias in certain directions of the nuisance parameters where the bias goes to plus infinity, and locally maximises it in other directions where the bias goes to minus infinity. Overall, much smaller biases of 2.34 and -9.4 are obtained for the BR-DR estimator in Figures 1 and 2 , respectively, relative to the default DR estimator which has bias of 94.6 and -592; these calculations are based on a large sample of 100000 observations so as to approximate the asymptotic bias. Moreover, even under misspecification of both working models, we would generally expect a more favourable bias of the BR-DR estimator than the Horvitz-Thompson (IPW)
, which is obtained upon setting β to zero and γ to the MLE. We would likewise generally expect more favourable bias than the imputation (IMP) estimator
which is obtained upon setting γ to zero and β to the solution to 0 = Figures 1 and 2 , we found the asymptotic bias to equal 71.5 and -633 for the IPW estimator, but to be merely 0.07 and 0.27 for the IMP estimator. This is partly due to happenstance: indeed, the BR-DR estimator would for instance have zero bias at a correctly specified propensity score model, unlike the imputation estimator. 
Simulation study
In this section, we perform a simulation analysis to compare the performance of the proposed penalised bias-reduced estimatorμ P−BR with that of different estimators of a mean counterfactual outcome µ 0 . In particular, in subsection 3.1, we detail the considered estimators of µ 0 . In subsection 3.2, we describe the simulation scenarios for the models.
In subsection 3.3, we provide the discussion of the results. Finally, in subsection 3.4, we numerically evaluate the behaviour of the proposed penalised bias-reduced estimator as the sample size increases, compared to competing approaches.
Considered Estimators and Settings
We denote nuisance parameters estimated through standard Maximum Likelihood Estimation and Ordinary Least Squares asη MLE = (γ MLE ,β OLS ) . We denote the nuisance parameters estimated through Lasso penalised Maximum Likelihood Estimation and Lasso penalised Least Squares asη LASSO = (γ LASSO ,β LASSO ) . Further, we denote nuisance parameters estimated through our proposed approach asη P−BR = (γ P−BR ,β P−BR ) .
We additionally study the performance of the nuisance parameter estimators obtained through post-selection (Farrell, 2015) and double-selection techniques (Belloni et al., 2013 (Belloni et al., , 2016 . We denote these estimators asη Post−LASSO = (γ Post−LASSO ,β Post−LASSO ) andη DS−LASSO = (γ DS−LASSO ,β DS−LASSO ) , respectively. In accordance with the doubleselection procedure, we also evaluated a heuristic adaptation of the proposed procedure.
In particular, applying the proposed bias-reduced DR estimation procedure resulted in the selection of covariate sets XŜ 
The problem (7) is computationally demanding under high-dimensional settings, however.
Therefore, in order to solve it efficiently and guarantee numerical stability, we regularise the right hand side of (7) through the penalty term λ γ δγ δ−1 with δ = 2. This procedure may have the advantage that it makes the empirical analog of (6) better satisfied in the sample and that it may reduce standard errors, but the disadvantage that the ridge penalisation induces another bias. We denote the resulting nuisance parameter estimator asη DS−P−BR = (γ DS−P−BR ,β DS−P−BR ).
We next consider the following estimators using the estimated nuisance parameters:
m(X i ,β).
Inverse-Propensity Weighting Estimators
In order to evaluate the performance of a given estimatorμ, we consider the following (2016) (see Meinshausen and Bühlmann (2006) for a similar recommendation), we used the following choices:
in our simulation study, in favour of low computational costs and in order to prevent biased standard errors as a result of ignoring the uncertainty in data-driven choices of λ β and λ β .
Simulation Scenarios
In all simulation studies below, we generated n mutually independent vectors (X i , A i , Y i ), i = 1, ..., n. Here, X i = (X i,1 , ..., X i,p ) is a mean zero multivariate normal covariate with covariance matrix Σ. We study the performance of the estimators for both, uncorrelated covariates (when Σ = I p×p ) and correlated covariates with covariance Σ = [σ ij ] 1≤i,j≤p and σ ij = 0.5 |i−j| , for i, j = 1, ..., p. Note that in all cases the covariates have unit variance.
Further, we let for each i = 1, ..., n, A i take on values 0 or 1 with
and Y i be normally distributed with mean m 0 (X i ) and unit variance, conditional on X i and A i = 1. In all studies, the simulated data were analysed using the following working models:
each data generating scenario, provided below, we conduct 1000 Monte Carlo runs with n = 200, p = 40 and n = 300, p = 80.
In this section, we describe the results of two scenarios, and defer two additional simulation scenarios to the supplementary materials.
Scenario 1
In the first scenario, we generated the data with m 0 (X) = β 0 + cb X and π 0 (X) = expit(γ 0 + g X), where b ∈ R p and g ∈ R p are defined as b = (1, 1/2, 1/3, 1/4, 1/5, 0, 0, 0, 0, 0, 1, 1/2, 1/3, 1/4, 1/5, 0, 0, ..., 0) g = (1, 1/2, 1/3, 1/4, 1/5, 1/6, 1/7, 1/8, 1/9, 1/10, 0, 0, ..., 0).
We set β 0 = 1, γ 0 = 0 and c = 0.75. These settings have been previously considered by Belloni et al. (2013) and Belloni et al. (2016) . Finally, we also generated data with 
Scenario 2
In the second scenario, we use settings considered in Kang and Schafer (2007) Tables 1 and 2 summarise the simulation results for p = 40. We first consider the case where both models are correctly specified. As predicted by the theory (see the end of Section 2.3), the results for the data-adaptive estimatorsμ OR (β LASSO ) andμ Pop−IPTW (γ LASSO ), which are not double-robust, show large bias and estimated standard errors that do not agree well with the empirical standard deviation. When both models are correctly specified, then using 1 -penalisation in combination with a DR estimator, as inμ LASSO , yields better performance because the first order terms in the Taylor expansion of Proposition 1 then have population mean converging to zero. The proposed estimatorμ P−BR sets these first order terms to zero, regardless of correct model specification, and this is observed to further reduce bias and improve mean squared error.
Discussion of Results
In small sample sizes, the proposed estimators (just like other estimators based on penalisation) are subject to some residual bias. Farrell (2015) and Belloni et al. (2016) have proposed to eliminate some of this bias via the use of post-selection or double-selection, which is indeed seen to improve performance. This is generally also the case for the proposed procedureμ DS−P−BR , though not systematically because this procedure still uses 2 -penalisation for numerical stability in the fitting of the exposure model. As predicted by the theory, the proposed procedureμ P−BR ensures that reasonable agreement between the estimated standard errors and the empirical standard deviation is obtained, even in settings with model misspecification. This is not guaranteed for the other DR estimators (with the exception ofμ DS−P−BR ), as is most clearly seen in Scenario 2 (see Table 2 ), where misspecification of both models causes poor behaviour in the post-selection and double-selection procedures.
Tables 1 and 2 about here.
Behaviour with increasing sample size
To evaluate the behaviour of the proposed estimator with increasing sample size, we reconsider the settings of Scenario 1 with p = 40 and uncorrelated covariates, for sample sizes n = {200, 400, ..., 1000, 1500, 2000}. Table 3 provides the average measures over is misspecified. The results show that when both models are correctly specified, the Bias and RMSE of the proposed estimatorμ P−BR decrease and the coverage of the 95% confidence interval improves with n. Moreover,μ P−BR outperformsμ LASSO throughout n in terms of all measures. On the other hand, when the outcome model is misspecified, the Bias ofμ P−BR remains low over all considered sample sizes n. In contrast, we observe that when the outcome model is misspecified, the Bias ofμ LASSO surprisingly increases (in absolute value), resulting in a decreasing coverage with n. These results confirm the theory on the proposed estimatorμ P−BR when n → ∞, and moreover suggest that also the extended estimatorμ DS−P−BR has decreasing Bias and RMSE when n increases. 
Illustration
In this section, we provide an empirical illustration of the proposed methodology on a real-data application. We study the effect of life expectancy (pseudo-exposure variable)
on GDP growth (outcome variable). As in Doppelhofer and Weeks (2009) simplification of what is a more complex reality and therefore limited in the substantive conclusions that can be drawn. The causal effect of life expectancy on the GDP growth moreover forms a disputable topic in the literature (Acemoglu and Johnson, 2007) .
In our analysis, we compare the methods considered in subsection 3.1 in both low and high-dimensional settings. In particular, for the first scenario, we consider only nine basic covariates. For the second scenario, in addition to the nine covariates, we also consider the squared and log transformations (in absolute values) of those covariates and all interactions between the basic ones. Thus, for the high-dimensional scenario, we consider 63 covariates. Table 4 summarises the estimated average treatment effects, sandwich estimators of the standard errors and 95% confidence intervals. It suggests that low life expectancy have negative effect on the GDP growth. It further shows that our proposed estimator µ P−BR remains stable in terms of the standard errors when the dimension increases. In contrast, the performance of the estimatorμ MLE changes drastically as the number of covariates increases.
We observe that, in the second scenario, the nuisance parameters estimated through our proposed approach contain several non-zero entries. In particular, 45 variables are selected using treated sub-sample and 42 variables are selected using untreated sub-sample.
Therefore, large number of selected covariates are considered for the double-selection equations (7) and (8). This produces estimation biases in the nuisance parameter estimatorη DS−P−BR . As a result, the standard error of the estimatorμ DS−P−BR increases significantly in the high-dimensional scenario. 
Discussion
Plug-in estimators based on data-adaptive high-dimensional model fits are well known to exhibit poor behaviour with non-standard asymptotic distribution (Pfanzagl, 1982;  Van der Laan and Rose, 2011). Double-robust plug-in estimators have been shown to be much less sensitive to this when all working models on which they are based are correctly specified (or estimators for them converge to the truth) (Farrell, 2015) . In this paper, we have shown that this continues to be true under model misspecification when so-called penalised bias-reduced double-robust estimators are used. These estimators can be viewed as a penalised extension of recently introduced bias-reduced DR estimators, which use special nuisance parameter estimators that are designed to minimise -or at least stabilise -the squared first-order bias of the DR estimator, while shrinking the non-significant coefficients of the nuisance parameters towards zero. Our results thus generalise those in Belloni et al. (2013 ), Farrell (2015 and Belloni et al. (2016) to allow for model misspecification. Through extensive simulation studies, we have demonstrated that the proposed approach performs favourably compared to other DR estimators even when one of the models are misspecified. The empirical data analysis further confirmed the stability of our estimator of the average treatment effect in terms of the standard errors as the dimension of the covariates increases. We did not yet consider settings with p > n in view of the computational difficulty of minimising the objective function in that case, and plan to address this in future work.
We have focussed our numerical results on lasso or 1 -norm penalisation, even though it readily generalises to other (possibly non-convex) penalisation techniques. It remains to be seen how it performs in combination with other choices of penalty. Our theory, like that in Farrell (2015) and Belloni et al. (2016) , was also developed for prespecified penalty parameters, although the calibration of penalty parameters is likely to improve results. In further work, we will evaluate whether our theory can be adapted to incorporate data-adaptive choices of penalty parameters, e.g. based on cross-validation. We conjecture (and have confirmed in limited numerical studies -not reported) that our proposal may, by construction, deliver DR estimators which have limited sensitivity to the chosen regularisation procedure (e.g. to the choice of penalty used for estimating the nuisance parameters), as well as to mild misspecification of both models A and B.
We have explored the use of ad-hoc debiasing steps based on post-lasso, and found mixed success with the proposed approach. This is likely related to the fact that the considered double-selection procedure sometimes leads to the selection of many covariates, and moreover to the use of a ridge penalty in order to guarantee numerical stability of the optimisation procedure. In future work, we will consider the potential to de-bias the solutions to the proposed estimating equations (2)- (4) along the lines of Zhang and Zhang (2014) , Van de Geer et al. (2014) . Belloni et al. (2016) show that the use of sample splitting may lead to less stringent sparsity conditions. In particular, they find that √ s γ s β log(p)/ √ n converging to zero is sufficient to guarantee uniformly valid confidence intervals when both models are correctly specified. This is attractive as it enables one model to be dense, so long as the other is known to be sparse, as is typically the case in the context of randomised experiments. In contrast, we require that λ β √ nc 1γ (n)+λ γ √ nc 1β (n)+ √ nc 2 (n) 2 converges to zero. In simple randomised experiments, s γ = 0 so that fast convergence rates ofγ (i.e., c 1γ (n) converging to zero at a fast rate) are attainable even when λ γ is very small. This creates potential 
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